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APPROXIMATIONS AND EXAMPLES OF SINGULAR HERMITIAN 
METRICS ON VECTOR BUNDLES 

GENKI HOSONO 


Abstract. We study singular Hermitian metrics on vector bundles. There are two 
main results in this paper. The first one is on the coherence of the higher rank analogue 
of multiplier ideals for singular Hermitian metrics defined by global sections. As an 
application, we show the coherence of the multiplier ideal of some positively curved 
singular Hermitian metrics whose standard approximations are not Nakano semipositive. 
The aim of the second main result is to determine all negatively curved singular Hermitian 
metrics on certain type of vector bundles, for example, certain rank 2 bundles on elliptic 
curves. 


1. Introduction 

The main purpose of this paper is to investigate properties of singular Hermitian met¬ 
rics on vector bundles on complex manifolds. In complex algebraic geometry, singular 
Hermitian metrics on line bundles and their multiplier ideal sheaves are very important 
and widely used. The higher rank analogue of these notions in the vector bundle case are 
also considered and investigated in many papers (for example, [2], [5], |9], [12], [I3], [IT] , 
etc.). There are several nonequivalent dehnitions for singular Hermitian metrics on vector 
bundles. Here we adopt the following most general dehnitions (0. iia. see Dehnition 
13.11 13.2p . Let A be a complex manifold and let E be a holomorphic vector bundle on 
X. A singular Hermitian metric on E is a measurable function on X whose values are 
nonnegative Hermitian forms. We say that h is negatively curved if |s|^ is plurisubhar- 
monic for every local holomorphic section s 6 U(E), i.e. for every holomorphic section 
of E on each open subset of X. We say that h is positively curved if the dual metric 
h* is well-dehned and negatively curved. In general, appropriate dehnition of curvature 
currents is not known for general singular Hermitian metrics on vector bundles. Thus we 
avoid using a curvature current of a singular Hermitian metric to dehne the positivity 
and the negativity here. Instead we use a characterization of Griffiths seminegativity of 
smooth metrics (Lemma 12.2p . 

We have two main results in this paper. The hrst one is on the coherence of a higher 
rank analogue of multiplier ideal sheaves. Let h be a singular Hermitian metric on E. 
Following [5] and [9], we denote by E{h) the sheaf of locally sguare integrable holomorphic 
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sections of E with respect to h, i.e. E{h) is a sheaf of local holomorphic sections s of E 
which satisfy |s|^ G The coherence of these sheaves is a basic problem, and the line 
bnndle case was established by Nadel m- The hrst main resnlt is as follows. 

Theorem 1.1. Let X be a complex manifold, E be a holomorphic vector bundle on X, 
and Si, S 2 , ■ ■ ■, Sjsf G H^{X,E) be a global holomorphic section of E. Assume that there 
exists a Zariski open set U such that, for each x E U, a fiber E^ over x is generated by 
{si(a^)}j=i, 2 ,...,Af- Define a morphism of vector bundles 

4>:XxC^ ^ E 

by sending (x, (oi, 02 ,..., otv)) to ^aiSj(x). Let h^ be a smooth Hermitian metric on 
X X and let h be the guotient metric of ho induced by 0. Then, the sheaf E{h) of 
locally sguare integrable sections of E with respect to h is a coherent sub sheaf of 0{E). 

Here we note that 0 is snrjective on a Zariski open set U of X by assnmption, thns h 
is well-dehned pointwise on U. Therefore h is well-dehned as a singnlar Hermitian metric 
(see Section 3 for well-dehnedness of singnlar Hermitian metrics). 

Thns we can solve the problem of coherence of E{h) for metrics of this particnlar form. 
On the other hand, if locally there exists a seqnence of smooth Hermitian metrics {hj} 
satisfying hj f h pointwise and Qhj >Nak 7 ® Id^; for a hxed continnons (l,l)-form 7 , 
we have that E{h) is coherent ([5l Section 4]). For proving this, we nse Hormander’s L^ 
estimate. The condition that Chern cnrvatnre is bonnded below in the sense of Nakano 
is important (althongh they can be weakened) for using theory. For a more detailed 
discussion, see [131 Section 3]. We construct an example of a singular Hermitian met¬ 
ric which has the form of Theorem 11.11 but its standard approximation does not have 
uniformly bounded curvature in the sense of Nakano (cf. Example 14.dh . 

Theorem 1.2. Let E = X xEf be a trivial vector bundle of rank two on X = C^. Let 
ho be the standard Euclidean metric on E. We denote by {z, w) the standard coordinate on 
X and let si = (1,0), S 2 = {z,w) be global sections of E. We define a singular Hermitian 
metric h on E as in Theorem, li.il using si,S 2 - Then, the standard approximation defined 
by convolution of h does not have uniformly bounded curvature from below in the sense of 
Nakano. 

As a corollary of Theorem II. 1[ we prove the coherence of E{h) even in this situation. 

Corollary 1.3. Fork constructed in Theorem M.Sf we have that E{h) is coherent. 

Thus Theorem 11.11 does not seem to be a consequence of the results in |5] . 

Our second main theorem is on the determination of singular Hermitian metrics on 
certain vector bundles. We are mainly interested in determining all singular Hermitian 
metrics with certain curvature-positivity conditions on the vector bundle in [HI Example 
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1.7]. First we explain this example. Let C be an elliptic cnrve and let E be the vector 
bnndle defined by the following non-splitting exact seqnence: 

0 — >Oc — > E — >Oc —^ 0. 

It is known that the bnndle E satisfying this condition is nniqne. In [51 Example 1.7], a 
line bnndle L = (!lp(^)(l) on the projectivization P(i7) is considered. They determined 
all singular Hermitain metrics on L with positive curvature. In this paper, we determine 
all negatively curved singular Hermitian metrics on E. This is a parallel result with [ 8 l 
Example 1.7], since singular Hermitian metrics on L can be regarded as “singular Finsler 
metrics” on E. Our result is the following: 

Theorem 1.4. Let X be a compact complex manifold, L be a holomorphic line bundle 
on X, and E, E’ be holomorphic vector bundles on X. Assume there is an exact sequence 

0 —> E ^ E' —^0. 

Suppose that there are a holomorphic section f G H^{X, L*) and a negatively curved 
singular Hermitian metric h on E with |i(s)|^ = |(/, s)p for each s E L, where (•, •) is the 
natural pairing on Ll,x L^- Then, this exact sequence splits. 

Our technique is different from [ 8 ] . To make the argument clear, we consider the simpler 
case that h is a smooth Hermitian metric (in particular, h is positive definite on every 
point of X). In this case, |i(s)|^ = |(/, s)p 7 ^ 0 for non-zero s E L, thus / is non-vanishing. 
Therefore L* must be isomorphic to the trivial line bundle Ox- In addition, for simplicity, 
we make additional assumption that E' is also a trivial line bundle. We will sketch the 
proof in this case. 

Let {Ua} be a covering of X such that each Ua is enough small. We can assume E\u„, is 
isomorphic to a trivial vector bundle. Take a holomorphic frame {ea,i, ea, 2 ) of E satisfying 
i(l) = Ca,! and p{ea, 2 ) = 1- Then there is a holomorphic function hag on Ua H Ug with 
60,2 — eg ^2 = hagegg. Let ja ■= {^a, 2 Xot,i)h) wliere denotes the Hermitian inner 

product of h. Then we have 

7 q , = hag + 7/3- 

By the negativity of h, we can show that ja is a holomorphic function on Ua (see Propo¬ 
sition [5]2]). Consider Cech 0-cochain {'ja,Ua)a- Ifs differential is the Cech 1-cocycle 
{hag, Uag)a,g, which is identical to the extension class of the given exact sequence. Thus 
the extension class is 0 in H^{X, Ox) and the given sequence is trivial. 

The most important point is that negativity of h implies holomorphicity of 7 ^. The 
proof in the general case is similar to this argument, but it requires more complicated 
calculation. 

As a corollary of Theorem 11.41 we determine all negatively curved singular Hermitian 
metrics on E. 
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Corollary 1.5. Let C be an elliptic curve, and E be a rank 2 bundle defined by the 
non-splitting exact sequence 

0 Oc ^ E ^ Oc ^ 0. 

Let h be a negatively curved singular Hermitian metric on E. Then h = p*h' holds for a 
constant metric h' on Oc, where p*h' is defined by the formula \s{z)\p*h' ■= \p{s{z))\h' for 
any z eC and a section s of E. 

The organization of the paper is as follows. In Section O we collect preliminary materials 
related to smooth Hermitian metrics on vector bnndles and singnlar Hermitian metrics 
on line bnndles. Section [3] contains the dehnition of singnlar Hermitian metrics on vector 
bnndles and their properties described in 0.0 and [13]. This section also contains some 
examples of singnlar Hermitian metrics on vector bnndles. In Section H] and [S] we prove 
the main theorems and make some discnssions. 

Acknowledgments. The anthor wonld like to thank his snpervisor Prof. Shigeharn 
Takayama for enormous supports and insightful comments. He would also like to thank 
Dr. Takayuki Koike for discussions and valuable comments. This work is supported by 
the Program for Leading Graduate Schools, MEXT, Japan. This work is also supported 
by JSPS KAKENHI Grant Number 15J08115. 

2. Hermitian metrics on vector bundles and singular Hermitian metrics 

ON LINE BUNDLES 

In this section, we review some classical notions such as smooth Hermitian metrics on 
vector bundles and singular Hermitian metrics on line bundles. Basic references for this 
section are [ 6 ] and [7]. 

Notation. Throughout this paper, X denotes a complex manifold and E denotes a 
holomorphic vector bundle on X. For x E X, E^ denotes the hber of E over x. We use 
the notation s E E for denoting a vector in some hber of E, i.e. a point of the total space 
of E. The sheaf of holomorphic sections of E is denoted by 0{E). The natural pairing 
K X Ea, —)■ C on each hber is denoted by (•,•)• W^e denote by the transpose of a matrix 
A. 

2.1. Smooth Hermitian metrics on vector bundles. Let h be a Hermitian metric on 
E, i.e. h dehnes a positive dehnite Hermitian inner product (•, ■)h on each hber Ej, and, 
for any smooth local section s,t of E, {s,t)h is a smooth function. We denote by | • 1^ 
the norm on E. If we hx a local holomorphic frame (si, S 2 ,..., Sr) of E, we can identify 
s = Y2 GSi £ E with a column vector *(ci, C 2 ,..., c^). Then h has a matrix representation 
dehned by 


{s,t)h = ^sht. 
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The Chern curvature 0 of {E,h) is an End(ii^)-valued (l,l)-form locally defined by 
0 = d{h dh). For s,t ^ E and differential forms a,f3, we introdnce the following 
notation 

(s 0 a, t 0 /3},j := (s, t)ha A /3. 

Here we recall the notion of the positivity. 

Definition 2.1. Let 0 be a Hermitian form on F ® Tx- 

(1) We say that 0 is Griffiths semipositive (resp. Griffiths positive) if 0(s® .^) > 0 (resp. 
> 0 ) for every local section s E E,^ & Tx- 

(2) We say that 0 is Nakano semipositive (resp. Nakano positive) if <S) (i) > 0 

(resp. > 0) for every local section Si E Effii E Tx,i = 2 ,..., min(n, r). 

We say that {E, h) is Griffiths semipositive if the Hermitian form 0(s ® ^,t ® v) — 
{Qs,t}h{^yffi on F 0 Tx dehned by its Chern cnrvatnre 0 is Griffiths semipositive. It 
is eqnivalent to the condition that z{0s,s}/i is a positive (1, l)-form for every s E E. 
When a Hermitian form 0 on F 0 Tx is Griffiths (resp. Nakano ) semipositive, we write 
0 >Grif 0 (resp. >Nak 0). For two Hermitian forms 0i and 02 , we write 0i >Nak 02 when 
01 — 02 >Nak 0. 

If dimX = 1 or rankF = 1, Griffiths positivity and the Nakano positivity are eqniva¬ 
lent. Griffiths positivity has nice fnnctorial properties. For example, it is preserved nnder 
the qnotient and the dnal of a Griffiths positive vector bnndle is Griffiths negative. These 
properties do not hold for Nakano positivity. Nakano positivity is often used to describe 
a condition for applying L^-methods. 

We give the following characterization of Griffiths negativity. This will be used as a 
dehnition in the singular case. 

Lemma 2.2 (ini Section 2]). Let h be a smooth Hermitian metric on E. Then, the 
following conditions are equivalent. 

(1) h is Griffiths seminegative (as in Deftnition \2.1\) . 

(2) For every local holomorphic section s E 0{E), |s|^ = {s,s)h is plurisubharmonic. 

(3) For every local holomorphic section s E 0{E), log |s|^ is plurisubharmonic. 

2.2. Singular Hermitian metrics on line bundles and plurisubharmonic func¬ 
tions. On a line bundle, a singular Hermitian metric is also important. We begin with 
the dehnitions. 

Definition 2.3 (cf. |7]). Let L be a holomorphic line bundle on X. A singular Her¬ 
mitian metric h on L is a measurable metric on L with locally integrable weight function, 
i.e. locally h has the form | • |^ = | • for some function (j). 

We note that two singular Hermitian metrics h, h' are equal when (j) = (j)' holds for their 
local weight. In this dehnition, the assumption that (j) is locally integrable ensures the 
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existence of the curvature current. Formally we have 0 = —ddXogh = ddcf). Since 0 is 
locally integrable, the right-hand side can be dehned in the sense of currents. We can 
also show that the right-hand side is independent of the choice of trivialization, thus the 
curvature current is globally well-dehned. 

A singular Hermitian metric h on a line bundle L is said to be positively curved if its 
curvature current Qh satishes 0/i > 0 in the sense of currents. Note that h is positively 
curved if and only if its local weight 0 is plurisubharmonic. 

For a plurisubharmonic function 0, the associated multiplier ideal sheaf X{(j)) is dehned 
by 

mm = {/ 6 o(uy, \f\m e luu)}. 

For a positively curved singular Hermitian metric h = e~^, X{(f)) is independent of a choice 
of local trivialization. Therefore X{h) := X(0) is well-dehned. The coherence of X{h) is 
obtained by Nadel using L^-methods: 

Theorem 2.4 (mi, 0 Proposition 5.7]). For any plurisubharmonic function (f), X(0) 
is coherent. It follows that, for any positively curved singular Hermitian metric h, X{h) 
is coherent. 

This theorem is obtained by using L^-methods. The higher rank analogue of this 
theorem also holds under the assumption on the Nakano curvature condition which ensures 
that we can use L^-methods (see Proposition 13.4p . 

3. Definition and examples of Singular Hermitian metrigs on vector 

BUNDLES 

In this section, we introduce the notion of a singular Hermitian metric on a holomorphic 
vector bundle. By de Cataldo, metrics approximated by smooth metrics in C^-topology 
on an open set are considered [5]. This approach is suitable to consider the Nakano 
positivity condition to use L^-methods. More general concept is given by Berndtsson and 
Paun in [2], where all measurable metrics are considered. We follow this approach and 
consider curvature conditions similar to [5] when applying L^-methods. 

Definition 3.1 ([2, Section 3] and [T^ Section 1, Dehnition 1]). Let X be a complex 
manifold, and be a holomorphic vector bundle on X. A singular Hermitian metric h 
on is a collection of nonnegative Hermitian forms h^ on for almost every x G X 
such that, for every holomorphic section s,t of E, {s,t)h is a measurable function. In this 
paper, we admit the case det h = 0. 

We also admit the case h{sx) = oo for some Sx G Ex. In this case, we assume that the 
set {x G X]h{sx) = oo for some Sx G Ex} has zero measure. Here, a Hermitian metric 
on a complex vector space V with values in [0, cxd] is dehned as follows: there exists a 
subspace Vq G V which satishes that h\vo is a nonnegative ordinary Hermitian metric and 
h{s) = oo for all s G H \ Vq. 
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Two singular Hermitian metrics /i, h' are said to be equal ii h = h' a.e. 

Because this definition is too general to deal with, we should restrict our interest to sin¬ 
gular Hermitian metrics with appropriate curvature condition. However, it seems difficult 
to define Chern curvature forms or currents for general singular Hermitian metrics (see 
Section 3 in [I3]). Thus, alternatively, we use the characterization described in Lemma [22] 
to define the curvature condition of a singular Hermitian metric in the sense of Griffiths. 

Definition 3.2 m Definition 3.1] and [T31 Section 1, Definition 2]). Let h be a singular 
Hermitian metric on a holomorphic vector bundle E. 

(1) h is negatively eurved (or Griffiths seminegative) if |s|^ is plurisubharmonic for every 
local holomorphic section s of E. 

(2) h is positively eurved (or Griffiths semipositive) if the dual metric h* is well-defined 
and negatively curved. 

Note that, in our definition, the dual metric of h is well-defined as a singular metric if 
det h ^ 0 a.e. Therefore we define the notion of a positively curved metric only for singular 
metrics with det h 0 a.e. We can also define a Nakano negative singular Hermitian 
metric (cf. [13]) although we will not use the Nakano negativity in this paper. If L is a 
line bundle with a singular Hermitian metric h, the positivity conditios in Definition 13.21 
and after Definition 12.3! coinside. 

As a higher rank analogue of multiplier ideal sheaves, we define a subsheaf E{h) of 
0{E) as follows. 

Definition 3.3 (0, Definition 2.3.1). For a singular Hermitian metric h on E, E{h) 
denotes the sheaf of locally square integrable holomorphic sections of E with respect to 
h, i.e. holomorphic sections s G 0{E) such that |s|^ G 

If L is a line bundle, L{h) = L®X{h). In the line bundle case, X{h) is coherent for 
positively curved h fTheorem 12.4p . In the vector bundle case, we also have that E{h) is 
coherent under an assumption related to Nakano positivity. The precise statement is as 
follows. 

Proposition 3.4 (0. Proposition 4.1.3). Let h be a singular Hermitian metric on E. 
Assume that locally there exists a seguence of smooth Hermitian metrics {hj} satisfying 
hj f h pointwise and Qhj >Nak 7 G Id^;, where ■y is a fixed continuous (l,l)-form. Then 
we have that E{h) is coherent. 

This proposition also holds under the weaker assumption that the curvature of hj are 
uniformly bounded from below in the sense of Nakano, i.e. hj >Nak —Cu for some constant 
C and a Hermitian form u on X. 

To construct positively (or negatively) curved metrics, the following lemma is useful. 
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Lemma 3.5. Let E,F be vector bundles on X, and let (j) : 0{E) —)■ 0{E) be a sheaf 
homomorphism. 

(1) Let h be a negatively curved singular Hermitian metric on E. Then, a singular 
Hermitian metric <f*h on E defined by 

{S,t)^,h = (0(s),0(t))fe 

is also negatively curved. 

(2) If (f) : 0{E) —)■ 0{E) is surjective on an open set U of full Lebesgue measure and h 
is a singular Hermitian metric on E, then the guotient metric on E is well-defined as a 
singular Hermitian metric. Moreover, if h is positively curved, so is the guotient metric. 

Proof. (1) For a holomorphic section s of E, we have that 0(s) is a holomorphic 
section of E. Since h is negatively curved, = |0(s)|/i is plurisubharmonic. 

(2) We have that the quotient (singular) metric is well-dehned on E\u. Since U is an 
open set with full measure, we have a singular Hermitian metric on E. If h is positively 
curved, we have that the dual metric h* is a negatively curved singular Hermitian metric 
on E*. The quotient metric coincides with the dual of (0*)*h*, where cf* : 0{E*) —)■ 0{E*) 
is the dual of <f. It follows that the quotient metric is positively curved by (1). □ 

Example 3.6. We can construct a positively curved singular Hermitian metric using 
given global sections of a vector bundle. Let si, S2, ..., sv G H^{X, E) be global sections 
of a vector bundle E on a complex manifold X. Then we have the following morphism of 
bundles 

(p:XxC^^E 

sending (x, (oi, 02,..., a^)) to ^ aiSi{x). We assume that there exists a Zariski open set 
Lf on which these {s*} generate each hber of E (we refer to this condition as that these 
{sj} generically generate E). Then that 0 is surjective on Lf. Thus, by Lemma [3.5( the 
quotient metric h of the standard metric on is a positively curved singular Hermitian 
metric on E. 

In Proposition 14.11 we prove that E{h) is coherent. Note that we do not know that h 
can be approximated by smooth metrics with Nakano positive curvature (or metrics which 
have Nakano curvature bounded from below). In Example 14.41 we will show an example 
of this kind of metric which does not seem to satisfy Nakano curvature condition. This 
type of singular Hermitian metrics is also investigated in [TTl Example 3.6]. 

Example 3.7. We shall show that there are positively curved singular Hermitian met¬ 
rics on tangent bundles of toric varieties. 

Let X be a toric manifold. By dehnition, there is a inclusion (C*)"’ C X and action 
(C*)” r\ X. Considering the differentiation of the family of actions (e*^, 1,..., 1) at 6^ = 0, 
we have a holomorphic vector held on X. Similarly, we have n = dimX vector helds which 
generates TX on (C*)"^. Therefore, by Example 13.61 we can construct a positively curved 
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singular Hermitian metric on TX Here, we can also use toric Euler sequence (cf. |H 
Theorem 8.1.6] to construct such metrics on TX. 

In particular, we have a positively curved singular Hermitian metric on Tx on the one- 
point blow-up X = BlpP^ of at P E P^. Note that X is isomorphic to a toric variety as¬ 
sociated to a complete fan E defined by four rays M+( 0 , 1 ), M+(l, 1 ), M+(l, 0 ), M+(— 1 , — 1 ). 
This gives an example of a positively curved singular Hermitian metric on a vector bundle 
with no smooth Griffiths semipositive Hermitian metrics. Indeed, the exceptional divisor 
G on X is a (—l)-curve. Then we have an exact sequence 

0 — )■ Tc —)■ Tx\c — t Nc/x — t 0 

on C. If there is a smooth Hermitian metric on Tx with Griffiths semipositive curvature, 
its restriction to C is also semipositive. Then we have a semipositive metric on Nc/x — 
0{—l), which is a contradiction. 

Example 3.8. Let E be a holomorphic vector bundle on X. We denote by P(E) the 
projective bundle of hyperplanes of E and by 0{1) = Op(e){^) the tautological line bundle 
on P(E). We denote 0{k) := Let h be a singular Hermitian metric on a line 

bundle 0{1). Assume that h|p(p)^ is bounded for almost all x E X. Then we can construct 
a singular Hermitian metric h' on E ® det E as follows. First, we dehne a vector space 
Ej;, a; e X, by 

Fx = (1P(G)3;, (C>(r -f 1 ) < 8 ) Kp(^E)/x) |p(£;)^) • 

Then the collection {Ex}xgx forms a holomorphic vector bundle E. By computation of 
transition functions, we have that E is isomorphic to E ® det E. We define a singular 
Hermitian metric h' on E by 



for s,t E Ex- Here, we use the notation {•, •} defined in Section 2.1. Recall that when 
s 0 a is an E-valued p-form and t® (5 \s an E-valued g-form, the product {s G) a, f 0 (5}h 
is a (scalar-valued) (p -|- g)-form. In this situation. We consider s,f as 0{r- + l)-valued 
(r — l,0)-forms on the fiber ¥{E)x, then is a (r — l,r — l)-form. Therefore we 

can integrate on the hber ¥{E)x. 

When h is smooth and semipositive, it is known that h' is Nakano semipositive (cf. 
[1], [iQ]). We want to show that if h is a semipositive singular Hermitian metric, we can 
locally approximate h' by Nakano semipositive smooth Hermitian metrics. Let U (Z X 
be a small open set. We assume that E is trivial on U, then we can write E = U x EZ 
and P(E) = U x P^“^. The line bundle 0{1) admits a smooth positive Hermitian metric 
onU X By the argument similar to the proof of [3l Theorem 1], we can construct 

an approximation of h by smooth semipositive metrics {hj} on H x where V is 

a relatively compact subset of U. Each hj induces a smooth Hermitian metric h'- on 
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E 0 detii^ly, which is known to be Nakano semipositive. Thus we can construct a local 
approximation of h' by Nakano semipositive smooth Hermitian metrics. 

4. Singular Hermitian metrics induced by global sections 

In this section, we study singular Hermitian metrics on vector bundles which are induced 
by holomorphic sections fExample I3.6p . 

Proposition 4.1. Let X be a eomplex manifold, E be a holomorphic vector bundle 
on X, and si,S 2 , ■ ■ ■ ,sn G H^{X,E) be holomorphic sections. Assume that there exists 
an open dense set U such that, for every x E U, a fiber E^ over x is generated by these 
Define a morphism of vector bundles 

(j):X xC^ ^E 

by sending {x, (oi, 02 ,..., a^)) to ^ aiSi{x). By assumption, 0 is surjective on a Zariski 
open set. Let ho be a smooth Hermitian metric on and h be the guotient metric of 
ho induced by 0 (When is the standard Euclidean metric on , it is constructed in 
Example \3.6\) . Then, the sheaf E{h) of locally sguare integrable sections of E with respect 
to h is a coherent sub sheaf of 0{E). 

Remark 4.2. By Proposition 13.41 E{h) is coherent if h can be approximated by smooth 
metrics {hjj such that the curvature is uniformly bounded below in the sense of Nakano 
(i.e. there is a constant C > 0 satisfies 

©hj >Nak —CiV 0 Id^;, 

where u denotes a hxed Hermitian form on X). Here, some metrics dehned in Example 
13.61 seem hard to approximate in such a manner. See Example 14.41 after the proof. 

Proof. First, we consider the case that ho is the standard Euclidean metric. To 

prove the proposition, we calculate the value of |s|^ explicitly, and use the result in the 
line bundle case. Since the statement is local, it is sufficient to show the proposition 
on a small open set U. We assume that E is trivialized on R by a holomorphic frame 
ei, 62 ,..., Cr on U. We regard each s, = fijej as a column vector fi^ 2 , ■ ■ ■, fi,r)- 

For s = *(/i, 02 ,..., /r), we will show the following equation. 

Lemma 4.3. 

|^|2 _ |det(s Sjj 5,2 •• • I 

'^l<ji<j2<---<jr<N |cl6t(Sjj Sj 2 ■ ■ ■ Sj^)| 

Proof. We recall that h is a quotient metric of the standard metric on X x C'^ induced 
by 0 : X X —)■ E. By considering the dual, h can be regarded as the dual metric of the 

restriction of the standard metric via 0* : E* —)■ . We denote the dual of h by h*. We 
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have that 0*(O = ('C('5i), • • • for ^ G E*. Therefore the norm of ^ with respect to 

h* is 

N 

i=l 

thus the matrix representation of h* is as follows: 

N 

= E 

i=l 

Since the dual metric h* can be represented as we have that 

N 

= E7y/a- 

i=\ 

Now we shall prove that det(/i“^) is the denominator of the right hand side of the equation 
above. We have that 

r 

det h-^=J2 n ^Mj) 

crGSr i = l 

r N 

a£Sr J=1 'ij=l 

Extending the product, it follows that 

N 

^ ^ ^ ^ Sgn((j)/jj^ x/ii,(7(l) ■ ■ ' fir,rfir,(T(r)- 

When some two of ii, ... ,ir are the same, cancellation occurs in the sum J2aeSr 
becomes 0. Therefore 

N 

^ ^ ^ ^ SgIl(^)/il,l/*l,o'(l) ‘ ' ' fir,rfir,(y{r) 

= l crGSr 
N 

^ ^ ^ ^ Sg^(^)/il,l/il,(T(l) ■ ■ ■ fir,rfir,o-{r)i 

ip,...,?/’ —1 CT^Sr 

because this sum is a real number. On the other hand, we have 
^ |det(sii 

= Y1 sgn(a)4,^(i) • • • sgn(r)4,^(i) • • • 

2l<"-<^r LcreS'r J 

~ ^ ^ Sgn((Tr)/jj^o-(l)/ii,T(l) ■ ■ ■/v,o-(r)/ir,T(r); 

O'^Sp E^Sp 
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We rearrange each term in this snm so that the sequence cr(l),..., a{r) becomes 1,2,... ,r. 
Then we obtain 

il<-"<ir cr£Sr T^Sr 
N 

^ ^ ^ ^ Sgn(T(7 )/ii,l/ii,r((T“i(l)) * * ‘ fir,rfir,T{a-^{r))- 

ii,...,ir=l crGSr 

Here we use sgn(crr) = sgn(rcr“^). 

Thus we have that 


det(h ^) = |det(sj, Sj^ ■ ■ ■ . 

By changing basis, it is sufficient to prove in the case s = (1,0, •• • ,0). In this case, 
\s\h = hii holds. We have to calculate hu, which can be written using (l,l)-cofactor of 
h~^ and det(h“^). We can calculate this cofactor similarly as above, because (l,l)-cofactor 
is the determinant of (n — 1) x (n — 1) submatrix. This completes the proof. □ 


Now we continue the proof of Proposition 14.11 By the lemma, |s|^ is locally integrable 
if and only if each term in the right hand side 

|det(s Si, 1^ / |det(sji Sj^ • • • 


is locally integrable for all 1 < ii < *2 < • • • < V-i < N. We dehne a multiplier ideal 
sheaf J' by using a weight 0 = log ^ |det(sjj Sj^ ■ ■ ■ Sjv.)|^, i.e. 


JiU) 


f e oiuy. 


I/P 


E 




|det(sj, Sj2---s>)P 



Then the condition s G E{h) is equivalent to the condition that det(s s,, St^ - ■ ■ J G JT” 
for each ii,i2,..., ir-i- We have that is coherent, because multiplier ideals are coherent. 

It follows that, for each ii,i 2 ,..., V-i, fhe sheaf of sections s satisfying det(s s,, Si^ - ■ ■ J G 
J is coherent. Since E{h) is the intersection of all such sheaves, we have that E{h) is 
coherent. Note that it is a hnite intersection of coherent sheaves. 

Now we consider the general case. We denote by /ieuc the standard metric on C'^. Then 
locally we can write as 

Ch-^uc < ho < C'h Euc 


for some C, C > 0. Therefore, taking quotient, we have that 


Chi<h< C'hi, 


where hi denotes the quotient metric induced by h^nc- It follows that 
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for any section s E E. This shows that E{hi) = E{h) and E{hi) is coherent by the 
preceding discussion. □ 


Here, for the next example, we will represent the curvature condition in Remark 14.21 in 
the matrix form. In the following, we regard h as its representation matrix. The Chern 
curvature of h is written as 0 = d{h dh) = ^ Qijdzi A dzj, where is a section of 
End(ii^). Then, the Hermitian form on E ® Tx induced by 0 can be written as follows: 

0(s(g)^,t® r/) = 


for s,t E E and ^,7] E Tx- If we take e* (8) d/dzj {i = 1,2,... ,r, j = 1,2,... ,n) for the 
frame oi E ® Tx, the corresponding matrix representation of 0(-, •) is as follows: 


01 ,1^ 

*01,2/1 ■■ 

• *01,n/l\ 

02 ,ih 

*02,2/1 ■■ 

*02,n/l 

0 n,l^ 

*0n,2/l ■ 

0n,n/l J 


Here, each ^Qijh is an r x r matrix and then 0Nak is an nr x nr matrix. Then the condition 
that the curvature of h is bounded from below in the sense of Nakano is equivalent to the 
condition that the following matrix is nonnegative: 


0Nak T C • (^LJijh'^, 


where we write uj = ’^Uijidzi A dzj. 


Example 4.4. Take X = C^. Let E = X x be a trivial rank two bundle. Let {z, w) 
be the standard coordinate on X. We choose sections si = (1,0), S 2 = {z,w). Then the 
metric induced by Si, S 2 on E can be written as 

if Itcp —wz 

|tcP y—ZUJ + 1 

Every entry of h is smooth on \ {w = 0}. The dual of h is 



^dual d 


tu-l 


+ 1 zw 
wz 


We approximate h in two ways, and calculate eigenvalues of 0Nak + C ■ {uijh)ij. As the 
consequence, we will see both the approximations do not have bounded curvature below 
in the sense of Nakano. In particular, we will show that the Nakano eigenvalue of the 
approximation of h obtained by convolution is not bounded below. 
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We consider the following two approximations of hduai- 


h. 


dual,£ 


h' 


dual,£: 




fcd„., + £(^0 ij 


UP + 1 + £ 


wz 



hdual d" £ 



Let he and h' be the dual metrics of hduai,£ and respectively. 

Note that is obtained by convolution of hduai by an appropriate smooth kernel 

function. Indeed, let y be a smooth function with compact support on such that y 
depends only on |(2:,tc)| = UP + |tcp and /j ,2 ydA = 1. Let f{z,w) := UP- We will show 
that y * / = / + where > 0 is a constant. Let x,p & C^. Then we have 


X*f{x)= x{p)f{x-p)d\{p) 

Jc^ 

= \ i x{p)f{x-p)dX{p) + ^ X{p)f{x-p)dX{p) 

Z JC2 Z J^2 

= \ I x{p)f{x-p)dX{p) + ]- j x{-p)f{x + p)dX{p) 

Z Jc^ Z ^£2 

= [ x{p)7;{f{x-p) + f{x + p)dX{p), 

JC2 Z 

because y is symmetric under p —p. We have that f{x — p) + f{x + p) = 2Uip + 2|pip, 
where x = {xi,X 2 ),p = {pi,P 2 )- Thus, 

X*f{x)=[ y(p)(Uip + Uip)dA(p) 

Jc^ 

= Uip + [ x{p)\Pi\^dX{p) 

Jc^ 

= fix)+£x- 

Similarly we have y * [tap = [tap + e^ with the same constant (because y is symmetric 
under {z,w) e-)■ {w,z)). 

For a function g = zw, we have X * 9 = 9 similar calculation using an equation 
g{z-pi,w - P 2 ) + g{z + pi,w - P 2 ) + g{z - pi,w + P 2 ) + g{z + pi^w + P 2 ) = Ag{z, w). 

We denote by 0Nak,e and O^ake corresponding matrix representation of the Her- 
mitian form on E ® Tx induced by he and h'^, respectively. By calculating this matrix, 
we have that ©Nake = — . , j —^ zzM, where M is a matrix 

’ (^UP + I'a^P + 


^ -(pup + ef 

w (pup + e) ^ 

w (pup + e) ^ 


w (pup + e) z 

— pu p U P 

- (pup + e) (UP + 1) 

wz (UP + 1) 

w (pup + e) z 

- (pup + e) (UP + 1) 

- pu p U P 

wz (UP + 1) 

-w"^ z'^ 

w z (UP + 1) 

wz (UP + 1) 

-(UP + 1)V 



SINGULAR HERMITIAN METRICS ON VECTOR BUNDLES 


15 


and = — , , , where M' is a matrix 

{e\z\^ + e\w\^ + \w\^ + + eY 


( -( tap + s) 

ta ( tap + e) z 

ta ( tap + e) z 

—ta2 ^2 ^ 

w ( ta p -\- e) z 

— ta p 2 ; p 

- ( tap + e) ( 2 ;p + £ + 1) 

WZ ( 2 : p + £ + 1) 

w (tap + e) 2 : 

- ( tap + e) ( 2 :p + e + 1) 

- ta p 2 : p 

wz ( 2 : p + e + 1) 

^ -ta^ 

W z ( zp + £ + 1) 

W z ( 2 : p + £ + 1) 

-(izp+e + i)V 


We claim that, for every constant C > 0, there is £ > 0 which does not satisfy ©Nak,^ > 
—Cu (8) Ids . We take u = idz A dz + idw A dw. Then the matrix representations of 
a; ® Ids as a Hermitian form on E ® Tx are 




, respectively. 


We will show that for every fixed (7 > 0, ©Nak,e +<7010 Ids (resp. ©Nak,£ + C'ci;0lds) has a 
negative eigenvalne for snfficiently small £. By direct compntation, one of the eigenvalnes 
of ©Nak,£ + Cui 0 Ids (resp. ©Nak,e + ® ^^s) at ( 2 ;, w) = (0, 0) is as follows: 


{e + 1)^-V(1-£)2C'2 + 4 


2 e 


for © 


Nak.e? 


(26 + 1)(7-V<72 + 4 


for ©; 


Nak,6:* 


2^2 + 2 £ 

For a fixed C > 0, these eigenvalnes go to —00 as £ 0. Therefore, the Chern curvatnre 

of the approximations of h^, h' are not bonnded below in the sense of Nakano. 


5. Existence of negatively curved singular Hermitian metrics on bundles 

GIVEN BY EXTENSIONS 

We consider an extension of vector bnndles 0—)-E'—)-0 with a line bnndle 
L. We will show that the existence of a negatively cnrved singnlar Hermitian metric on E 
with some conditions on L implies splitting of this seqnence. Using this, we can determine 
all negatively cnrved singnlar Hermitian metrics on certain vector bnndles. 

Theorem 5.1. Let X be a compact complex manifold, L a holomorphic line bundle 
on X, and let E,E' be holomorphic vector bundles on X. Assume that there is an exact 
sequence 

0 —>L ^ E ^ E' —^0. 

Suppose that there are a holomorphic section f G H^{X,L*) and a negatively curved 
singular Hermitian metric h on E with |^(s)|^ = |(/, s)p for each s E L, where (•, •) is a 
natural pairing on x L^. Then, the exact sequence above splits. 


We begin the proof of Theorem 15.11 with local consideration. 
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Proposition 5.2. Let U be a (small) ball in C” and let h be a singular Hermitian 
metric on U x C^. We assume the representation matrix of h has the form 

\f? B- 

B C 


h = 


where f is a holomorphic function and B, C are measurable function valued 1 x (r — 1) 
and (r — 1) X (r — 1) matrix on U (r > 2). Assume that h is negatively curved. Then, 
there are holomorphic functions gi G Ojj with Bi = f'gl. 


To prove Proposition 15.21 we use the following lemma. 


Lemma 5.3. Let 0,-^ be locally integrable functions on U d C”. Assume that tcf + ip is 
plurisubharmonic for every t > 0. Then, eguals to a plurisubharmonic function almost 
everywhere. 

Proof. When t ^ 0, tcf+fj converges to x) as currents, so we have idditcf + fj) iddfj 
as currents. By assumption idd{t(j) + "0) is a positive current for any f > 0. Therefore the 
limit iddf) is also positive, so we have equals to a plurisubharmonic function almost 
everywhere. □ 

Proof of Proposition 15.21 We can assume r = 2 and we denote Bi = B, Ci i = C. 
First, we assume / is a constant function / = 1 and prove B ='g for some holomorphic 
function g. 

Let M G C be a constant. Then, 

is plurisubharmonic. Since \u(^ is constant, uB + uB + C is also plurisubharmonic. Taking 
M G M and u G zM, we have that 2f Re 5 + C and 2t Im B + C are plurisubharmonic for 
every t G M. Then, 2Rei? + jC and 2Imi? + jC' are plurisubharmonic for f 7 ^ 0 and 
Lemma 15.31 shows that R is a (complex-valued) pluriharmonic function. It follows that 
B can locally be written as a sum of a holomorphic function and an antiholomorphic 
function, namely B = gi +'^. 

Since gi is holomorphic, we have that for any m G C 

(u S'!) (1^ = \u\^+ ^ 9 i\^+ ugig 2 + u\gi\^+ u'^+\gi\‘^C 

^ ^ \9i+92 C J ygi J 

is plurisubharmonic. The term \u(^ is constant, and U9192, ugig2 are pluriharmonic since 
they are holomorphic and antiholomorphic respectively. Thus we have Fls'ip + 'uls'iP + 
\ 9 i\'^C is plurisubharmonic for every m G C. Lemma [5.31 shows that \gi\^ is pluriharmonic. 
Therefore we have 

idd\gi\^ = idgi A = 0, 
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which implies that dgi = 0. Thus gi is constant and B = ^ is antiholomorphic, 

hence the proposition holds when / = 1. 

For the general case, we can similarly show that B/f is antiholomorphic on {/ ^ 0} 
using sections (n//, 1), {u/f,gi) instead of (u, 1), {u,gi). Since h is nonnegative, we have 
det h = I/pc' — |i?p > 0, thus I-B//P < C. Since C = |(0,1)|^ is plurisubharmonic, C is 
locally bounded from above. Therefore, \B/f\ is locally bounded. Riemann’s extension 
theorem implies that R// is an antiholomorphic function on U. □ 

Proof of Theorem 15.11 Let rankF^ = r. Let {Ua} be a covering of X by sufficiently 
small open sets. We assume that given bundles are trivial on each Ua- We denote a trivi¬ 
alizing section of L on Ua by Sa and a holomorphic frame of E' on [/„ by 35 ^ 0,35 • • • 5 ^'a,r- 
We take a holomorphic frame e^p, ..., ea,r of E satisfying 

^a,ly 

P((^a,i) = eX. (i = 2,...,r) 

The transition function of L and E' are denoted by ga/s and g'ag^ij follows: 

e'a,i = 9ag,i,je'pj- (i = 2,..., r) 

2<j<r 

Then we have that p(ea,i — 9'ag,i,j^P,j) — 0) there exist holomorphic functions hap^i 

on Ua n Up, i = 2,... ,r, satisfying 

^a,i ~ ^ ^ 9aP,i,j^l3,j ~ haPpGp,!- 
2<j<r 

In this notation, the transition function of E can be written as 


^a,l 9aP^P,li 

^a,i = happGpp + ^ ^ 9aP,i,j^0,j- — 2, ■ ■ ■ ,t) 

2<j<r 

Let s be a section of E. When we write s = aiCap + • • • + arCa^r = + 

the transition function is as follows: 


(h\ 


9ciP hap^2 ■ ■ ■ hap^r 




= 

0 9aP,2,2 ■ ■ ■ 9'ap,r,2 


Ci2 

\b,) 


\ 0 9aP,2,r ■ ■ ■ 9aP,r,r) 


\y(lr j 


We will denote this matrix by Gap- 

We denote the local matrix representation of h by 

A B 

7 _ I ^OL 

^Ba Ca 
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where Aa is a scalar, = (Ba, 2 , ■ ■ ■, ^a,r) is a 1 x (r —1) matrix, and Ca is a (r —1) x (r—1) 
matrix. We write the given section / G H^{X, L*) as / = faS~^, where fa is a holomorphic 
fnnction on Ua and is a dnal of Sq. By Sa = ga/ 3 Si 3 , we have fa = Qapfp- By assnmption 
klh = l(/, s)|^ for s e L, we have Aa = \ea,i\l = |(/, e„,i)p = |/„p. The transition 
fnnction for ha is as follows: 

ha GaphpG ap- 

By calcnlating the hrst row, we have that 

Ba,i QapAphapp T ^ ^ dapBppQappj 

‘2<j<r 

— \ fp\ 9aphaP,i + 'y ^ dapBpjg^i^^ j. 

2<j<r 

By dividing both sides by fa = gapfp, we have 

p /f — \ fg\^9aphap,i 'l22<j<r dapBpjg^i^^j 
gapfp gapfp 

= fphapp + daP.i.jBpj/fp- 

j 


Let 7 a,i = Bap/fa, then pap satisfies 


lap fphgpp + y gqppplpj- 
j 


By the Proposition 15.21 jap is a holomorphic fnnction on [/„. 

Let Ca 2 , ■ ■ ■, ^a r Le the dnal frame in {E')* of e'g 2 , ■ ■ ■, ^'a r- We consider a Cech 0- 
cochain {'f22<i<r lo,pCa i ® Ba) ■ Then, the differential of this cochain is 


lapCaP ^94pp ® ^ 

2<i<r i 


E 


happ 


gap 




Next we consider the extension class in H^{X,L 0 (E')*) of given exact seqnence. It is 
known that the extension class is the image of Idp/ G H^{X, E' 0{E')*) by the connecting 
homomorphism E[^{X,E' 0 {E')*) —)■ H^{X,L 0 {E')*) indnced by the following short 
exact seqnence: 

o^L 0 {E'y -^E 0 {E'y -pe ’0 {E'y o. 


We can calcnlate this class using following diagram: 


G^{Ua, L X {E')*) -- G^{Ua, E X (E)*) -- G^{Ua, E’ x {E)*) 


G\Ua,Lx{E'y) 


G\Ua,Ex{Ey) 


G\Ua,E'x{Ey), 
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where C^{Ua,F) denotes the space of Cech i-cochains. Then, we have the following: 




E5=2(ea,i ® Cj) 


T.U ^ ® Gj - ® if,)- 

iJafi 


Calculating the map in the second row, we can show that the extension class is identical to 
the differential of the 0-cochain described above. Thus the extension class is represented 
by a exact 1-cocycle, which implies that given extension is trivial. □ 

Example 5.4. Using Theorem 15.11 we can determine all negatively curved singular 
Hermitian metrics on a nontrivial rank two vector bundle on an elliptic curve, which 
appeared in |8], Example 1.7. Let C be an elliptic curve. We dehne a vector bundle E on 
C by the nontrivial exact sequence 


0 —>Oi — > E — >02 —^ 0, 

where Oi = O 2 = Oc- Note that dimi7^(C, Oc) = 1, thus E is uniquely determined up 
to isomorphism. 

There is a more concrete description of E in |H]. We can obtain E as the quotient 
E = C X C^/T, where T = Z + rZ is a lattice for the elliptic curve E. Here, an action of 
1, r G T to the space C x is described by (x, Zi, Z 2 ) (x -|- 1, Zi, Z 2 ) and (x, ^i, Z 2 ) 

{X + T,Zx + Z2,Z2). 

Let h be a negatively curved singular Hermitian metric on E. Then the restriction 
is also negatively curved. A negatively curved metric on the trivial line bundle 
corresponds to a subharmonic function on C via h 1 —)■ | 1 |^. Since any subharmonic function 
on a compact Riemann surface is constant, h\oi is also constant and we can write this 
constant by h\oi = Cq. If Co 7 ^ 0, the assumption of Theorem 15.11 is satished and it 
follows that given exact sequence splits. It contradicts the dehnition of E. Therefore, we 
have h\oi = 0. Moreover, we can show that h has the form p*{h'), where h' is a metric 
on O 2 which is negatively curved fLemma 15.5p . This curvature condition implies h' is 
constant. 

In this example, we showed that det h = 0 for every singular Hermitian metrics h on 
E. This is why we admit singular metrics with det h = 0 everywhere. 

Lemma 5.5. Let L,L' be line bundles, 0 —)■ L —)■ E L' —)■ 0 be an exact sequence, 
and h be a singular Hermitian metric on E. Assume that h|x, = 0. Then, there exists 
a singular Hermitian metric h' on L' with h'{p{s)) = h{s) for s & E. Moreover, if h is 
negatively curved, so is h'. 
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Proof. Let So^Sq trivializing sections of L,L' respectively. We take a local holo- 
morphic frame ei, 62 of E with 


ei = i{so),p{e2) = s'o> 

where i: L ^ E. Then h(ei,ei) = 0 by assumption. It follows that h{ei,e 2 ) = 0 by the 
Cauchy-Schwarz inequality. 

For each s' G E', take s which satishes p{s) = s' and define h'{s') by h{s). Since we 
have h(ei,e 2 ) = 0 in the local frame, this dehnition is independent of the choice of s. 

Then we have for s & E 

{p*h'){s) = h'{p{s)) = h{s), 

here the second equality is by the definition of h'. 

Assume that h is negatively curved. For holomorphic section s' G 0{E'), we can find 
a holomorphic section s G 0{E) with p{s) = s'. Therefore h'{s') = h{s) is a plurisubhar- 
monic function. This proves that h' is also negatively curved. □ 
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